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Abstract 

The subject of this paper is a fragmentation equation with non-conservative solutions, some 
mass being lost to a dust of zero-mass particles as a consequence of an intensive splitting. 
Under some assumptions of regular variation on the fragmentation rate, we describe the large- 
time behavior of solutions. Our approach is based on probabilistic tools: the solutions to the 
fragmentation equation are constructed via non-increasing self-similar Markov processes that 
reach continuously in finite time. Our main probabilistic result describes the asymptotic 
behavior of these processes conditioned on non-extinction and is then used for the solutions to 
the fragmentation equation. 

We notice that two parameters influence significantly these large-time behaviors: the rate 
of formation of "nearly-1 relative masses" (this rate is related to the behavior near of the 
Levy measure associated to the corresponding self-similar Markov process) and the distribution 
of large initial particles. Correctly rescaled, the solutions then converge to a non-trivial limit 
which is related to the quasi-stationary solutions to the equation. Besides, these quasi-stationary 
solutions, or equivalently the quasi-stationary distributions of the self-similar Markov processes, 
are entirely described. 
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1 Introduction and main results 

The fragmentation equation is commonly used to describe the evolution of a particles system where particles 
break up as time passes. In this paper, we are interested in models in which particles with mass xy^ < y < I, 
arc produced from the splitting of a particle with mass x at rate x°'B(dy), where a G M and i? is a measure 
on ]0, 1[ such that 

/ y(l-y)B(dy)<oo, andB(]0,l[)>0. (1) 
Jo 

The corresponding weak form of the fragmentation equation is then 

^t<^itJ> = x'-(^j\f{yx)-f{x)y)B{dy)^^iM^), (2) 

where (/xt,t > 0) denotes a family of measures on ]0, oo[ and / any test function. The quantity /if (da;) 
represents the average number per unit volume of particles having a mass in [a;, a; -I- dec [ at time t. The 
term between parentheses on the right-hand side of the equation models the loss of particles of mass x and 
the increase of particles of mass xy^ < y < 1, due to the fragmentation of particles of mass a;. Note 
that the overall rate at which a particle with mass a; splits is a;" yB{dy), which may be infinite. When 

B(dy) = b{y)dy and yb{y)dy ~ 1, this equation is a weak form of the standard fragmentation equation 
with fragmentation kernel 

F(x,y) = x°'-^b{y/x),x > y, 
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which describes the evolution of the density per unit vohime of particles with mass x at time t, say rit {x) , 
in the following way: 

dtnt{x)^l F{y,x)nt{y)dy- I - F {x , y)nt{x)dy . (3) 
Jx Jo ^ 

This last equation was intensively studied both by physicists and mathematicians. Among the first papers 
on the topic, we may cite e.g. [221 US]- We also refer to the book [1] for a probabilistic approach of the 
microscopic mechanism of fragmentation and to the papers and |17j for discussions on the relations 
between the probabilistic model and the above equations. Let us add that the physical interpretation of 
the fragmentation equation imposes some constraints on the measure B. However other interpretations are 
possible and in the following we will be concerned with all measures B satisfying ([T]). 

In this paper, wc focus on solutions to ^ with finite and non-zero initial total mass. The fragmentation 
equation being linear, wc suppose, without loss of generality, that xfi(){dx) — 1. To be precise, we call a 
solution to (0^ starting from fiQ, any family of measures (/it, t > 0) on ]0, oo[ starting from fiQ and such that 

• (^tj^ ^ 0) satisfies ^ for any test functions f E C^, the set of real- valued continuously differentiablc 
functions on ]0, oo[ with compact support 

• the following natural "physical properties" arc respected (id denotes the identity function) 

m{t) fit, id > < to(0) = 1, Vt > 0, (4) 

and 

fioi[M, oo[) = for some M > ^ M[M, cx)[) = Vt > 0. (5) 

Note the self- similarity of solutions: if {fJ,t,t > 0) is a solution to ([2]), so is fify" ° (Tid)"""^), for all 
7 > 0. Note also that if (/it,t > 0) is a solution to the equation with parameters {a,B), then for all c > 0, 
ifJ-ctit > 0) is a solution to the equation ^ with parameters {a,cB). 

Many results on existence and uniqueness of solutions to ^ are available in the litterature. See e.g. 
[U [TTl [21] and the references therein. With the definition above, we have the following result on existence 
and uniqueness of solutions to ([2]), which is a generalization of Theorem 1 of [T7] (see also [E] for a similar 
approach). We recall that a subordinator is a non-decreasing Levy process and that its distribution is 
characterized by two parameters: a non-negative drift coefficient and a so-called Levy measure on ]0,cxd[ 
that governs the jumps of the process. See Section [2| for background on this topic. 

Theorem 1.1. Let jiQ be a measure on]0, oo[ such that xfio{dx) = 1. Then 
(i) there exists a solution to 0) starting from fiQ as soon as 

a<0 



or 

/CO />X 
x\Ti{x)fjLo{dx) < OO or X g]0, a;'"' / yB(dy) is bounded near 0. 

More precisely, this solution can be constructed via a subordinator ^ with zero drift and a Levy measure given 
for any measurable function g :]0, oo[— > [0, oo[ by 

.1 

g{x)I{{dx)^ g{-\n{x))xB{dx), (6) 
Jo 

through the formula 

POO 

f{x)xfjLt{dx) := / E [/ (a;exp(— ^p(j,at)))] a;/i-o(da;), for all measurable f :]0, cxo[— > [0, oo[, (7) 
Jo 

where p is defined by 



p{t) := inf |u > : j exp(a^r)dr > t| . 
(ii) This solution is unique as soon as po has a compact support. 
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When the family {fit, t > 0) is constructed via subordinators by ([7]), some conditions on and B for the 
existence of a density for fit, t > 0, can be settled exphticitly. See e.g. [lH Proposition 3.10]. We also recall 
that there may be multiple solutions to the fragmentation equation when the assumption (g]) is dropped. 
We refer to [T] for some explicit examples. 

The proof of Theorem 11.11 based on that of Theorem 1 in [17] , is postponed to the Appendix at the end 
of this paper. 

The main purpose of this paper is to use the construction ^ of solutions to the fragmentation equation 
to describe the long-time behavior of these solutions when a < 0. From another, but equivalent, point of 
view, our main results describe the large-time behavior of time-changed subordinators. as defined in Theorem 
11.11 conditioned on non-extinction. These processes belong to the family of so-called self-similar Markov 
processes. We refer to Section [3] for a statement of our results in that context. 

The study of large-time behavior of solutions to the fragmentation equation when a > is investigated in 
details in [TT] . We point out that some results of [TT] can be re-demonstrated using a probabilistic approach: 
it mainly consists in combining the subordinator construction of solutions to the fragmentation equation 
with the description of large-time behavior of time-changed subordinators when a > investigated in . 

From now on, wc consider a < 0. It is well-known that in such case, small particles split so quickly that 
they are reduced to a dust of zero-mass particles, so that the total mass of non-zero particles 

m{t) =< fit, id > 

decreases as time passes. This phenomenon, sometimes called "shattering", was studied e.g. in [Ij [3l [M l [T7 l 
[331 HZI ■ More precisely, one can check that the total mass m is strictly decreasing and strictly positive on 
[0, oo[ and that m{t) — > as t — > oo. Sec the forthcoming Proposition 13.31 for a proof in our framework. 

In order to describe the behavior of m{t) as t ^ oo more accurately, we introduce the following function 
defined for alH > by 

<j){t) (1 - X*) xB{dx). (8) 

It is not hard to check that the function t t/4){t) is continuous, strictly increasing on ]0, cxd[ and that its 
range is ]{^^ \ \Ti{x)\xB{dx))~^ , oo[. Note that the integral jj^ | \T\{x)\xB{dx) may be finite or infinite. Then 
introduce 

Lp, the inverse of t ^ (9) 

which is well defined in a neighborhood of oo. This function will play a key- role in the description of the 
long-time behavior of solutions to the fragmentation equation. 

Most of our main results rely on the following hypothesis on the measure B: 

the function u :]0, 1[^ / xB{dx) varies regularly at with an index — /3 g] — 1, 0], (H) 

which, in particular, ensures that and ip are regularly varying functions at oo, with respective indices /3 
and 1/(1-/3). See Section [T3I for details and background on regular variation. 

Last, we mention that the large-time behavior of solutions to the fragmentation equation will depend 
strongly on the structure of the initial measure fiQ, mainly on the manner it distributes weight near oo. The 
statements of our results are therefore split into two parts, according as to wether the initial measure has 
compact support (Subsection II. ip or not (Subsection II. 2p . Subsection 11.31 deals with the quasi-stationary 
solutions. 

1.1 Initial measure fiQ with compact support 

In this subsection, we adopt the following hypotheses and notations: 

- a < 

- the measure fiQ has a compact support, i.e. /io([Af, oo[) = for some AI > 

- ifJ-t^t > 0) denotes the unique solution to the fragmentation equation ([2]) starting from fiQ. 

The supremum of the support of fio is the real s such that fioQs, oo[) — and fioQs -~£,s]) > for all e < s. 
Thanks to the self-similarity of solutions, we can. and will, always suppose that this supremum is equal to 
1. In such frame, we have the following results. 
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Proposition 1.2. For all X < (/'(oo) := lim^j^tx) (('i^); there exists a constant C\ < oo such that 

m{t) < Cxexp{-Xt), Vt > 0. 
More precisely, under the hypothesis i TH)) . 

-Hm{t)) ^ ii^^(|„|t). 

In particular, t — ln(m(i)) is regularly varying at oo with index 1/(1 — (3). 

Together with the foUowing theorem, this gives a complete description of the large-time behavior of 
(m*!^ ^ 0)- Here, two positive fmictions g and h are said asymptotically equivalent if g{x)/h{x) 1 as 
X — > oo. 

Theorem 1.3. Suppose and | ln(a;)|a;-B(da;) < oo. Then for all continuous bounded test functions 
/:]0,cx)HR, 

f y j [ ^(HOA x\x^it{Ax) [ f{x)xfiooidx), 



m(t) Jq \\ \a\t 

where x^ooi^ix) is a probability distribution on ]0, oo[ that is characterized by its moments 

x^^'^^xfi^idx) = (t>{\a\)<P{2\a\)..4{n\a\), n>l. (10) 

The function t — ^ (y5(|a|t)/(|Q!|t) can be replaced by any asymptotically equivalent function. 

It is interesting to compare this result with that obtained by Escobedo et al. [TT] when the parameter a is 
positive. As already mentioned, part of their result can be rediscovered and completed by using Bertoin and 
Caballero's paper [S]. With our notations and under the assumptions \ \ii(x)\xB{dx) < oo and a > 0, the 
asymptotic behavior of the solution {fJ,t,t > 0) to the fragmentation equation {a,B) starting from fiQ = 6i 
can be described as follows: 



f (t^/"x) x^itidx) ^ / f{x)x7joc.{dx) 



for all continuous bounded functions / :]0, oo[^ R. The measure xTja^idx) is a probability measure on ]0, oo[. 
Interestingly, the measure B is then only involved in the description of the limit measure rjac, not on the 
"shape" of the speed of decrease of masses to 0. 

We come back to the case a < 0. Note that when " xB{dx) ^ as m ^ for some /? G [0, 1[, 
we have (t){t) ~ r(l - f3)t^ and therefore (^(|a|i)/|a|t)i/l"l ~ C^./jt'^/^^^-'')!"!) as t ^ oo, where C^,/? = 
{\afT{l - /3))i/((i-/3)l"l). When moreover \ \\TL[x)\xB{dx) < oo, the Theorem O then reads 



/ (c„,/3t^/«i-«l"l)x) x^it{dx) ^ r f{x)xii^{dx) 



m{t) Jo 

for all continuous bounded test functions / :]0, oo[^ M. 

The existence and uniqueness of a measure fioc on ]0,oo[ satisfying pU|) actually hold without any 
assumption of regular variation on the measure B or on its behavior near 0. See the discussion near formula 
()14p in Section [3] for details. Some properties of the measure /^oo (tail behavior near 0, near oo) are given 
in Section [51 In Subsection II. 31 we discuss its links with the quasi- stationary solutions to the fragmentation 
equation. 

The proof of Theorem 11.31 consists in describing the behavior of the mass of a random typical non-dust 
particle, which is defined as follows: at each time i, choose a particle at random among the particles with 
a strictly positive mass, with a probability proportional to its mass. I.e. if M{t) denotes the mass of this 
random particle, the distribution of M(t) is given by 

^ ' m{t) 
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Otherwise said, in terms of the subordinator ^ related to the equation by ([7]), M{t) is distributed as 
M(0) exp(— ^p(jvf(o)o()) conditioned to be strictly positive, with M{0) independent of In terms of M, 
the statement of Theorem 11.31 rephrases as follows 



l/|a| 

A/(t) A M^, 



\a\t 



where Moo is a random variable with distribution a;/ioo(da;). Note the special case xB{dx) < oo, where 
(p{t)/t xB{dx) < oo. Then wc have that M{t) converges in distribution to a non-trivial limit. In the 

other cases satisfying the assumptions of Theorem 11.31 (p{t)/t oo and therefore M(t) 0. 

Using this random approach, we can also specify the behavior of masses that decrease at different speeds 
to 0, as follows. 

Proposition 1.4. Assume H^) and n := \ \n{x)\xB{dx) < oo. 

(i) Suppose moreover that the support of B is not included in a set of the form {a", n G N} for some a g]0, 1[. 
Then for all measurable functions g : [0, oo[^]0, oo[ converging to at oo, 

g(f^a /.s(t)(v(|a|t)/|a|t)'''° I 

Xfit{dx) 



m{t) Jq t^oa |q;|k' 

(ii) For all measurable functions g : [0, oo[^]0, oo[ converging to oo at oo, 

- if g^°'^{t)t/(p{t) converges to oo at oo, 

/•oo 

/ xfj,t{dx) = 

■/s(t)(v(|a|t)/|a|t)i/° 

for all t sufficiently large 

- if g^°'^{t)t/(p{t) converges to at oo and < /3 < 1 : 

T.T^-Hgity^^) [ m{t) )- H' 

where if)~^ denotes the inverse of (j>. 

Note that the first assertion of (ii) is obvious since g{t){Lp{\a\t)/\a\ty/'^ oo (which means that for t 
sufficiently large, it is larger than 1, the supremum of the support of ^t). 

We finish this section with the following result on the remaining mass at time t of particles of mass 1 
when ^o({l}) > 0- The measure fi^c is that introduced in Theorem II. 31 

Proposition 1.5. Suppose /io({l}) > and set (j){oo) := xB{dx) g]0, oo]. Then for all t > 0, 

Mt({l}) = exp(-i<^(^))Aio({l}). 
When moreover Iff)) is satisfied and \ ln(a;)|a:;-B(da;) < oo and (/)(oo) < oo, 

^ 0(oo)VH^^({^(oo)VH}) 
m[t) t-*oo V / 

and this limit is non-zero if and only if ^i-x'^ ^ 

This means that under the assumptions of Proposition 1 1.51 for large times, the remaining total mass of 
1-mass particles is proportional to the total mass of non-zero particles when (1 — x)^^ B{dx) < oo, whereas 
it is negligible compared to the total mass of non-zero particles when = J^(l — x)~^B{dx) = oo. Wc point 
out that the convergence of Proposition FOl is not necessarily true when /io({l}) = (since then /it({l}) — 
for all t > 0, whereas the term in the limit may be strictly positive). 
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1.2 Initial measure /iq with unbounded support 



We still suppose that a < and wc denote by (/^t,t > 0) the solution to the fragmentation equation ^ 
starting from fiQ and constructed via a subordinator by formula ([7]). The asymptotic behavior of the mass 
m{t) is then strongly modified by the presence of large masses and depends on the behavior as t oo both 
of (j){t) and fiQ {[t, oo[). We investigate two particular cases: exponential and power decreases of fiQ {[t, oo[) 
as t — > 00. 

Theorem 1.6. Assume iTH)) and that possesses a density, say uq, in a neighborhood o/ oo such that 

In {uq{x)) ~ ~Cx^ 

oo 

for some 7 > 0. 
(i) Then, 

- In (m(i)) ~ Ca./3 ^C7(i+(i-^)^/l"l)"'/i(t) 
where h is the inverse, well-defined in the neighborhood of 00, of t ^ t^^^"^/'^ /(j){t) and 

7(1-3) 

/U|l/(l-/3)\ T(l-/3)+l<.| 

C^^p^^ = {l + \a\-H^-l3))(^i±- j 

In particular, — ln(m(t)) varies regularly at 00 with index 1/(1 — P + \a\/"f). 

(a) Suppose moreover that | ln(x)|a;_B(da;) < 00, which ensures that the function In(TO) is difjerentiable on 
]0, oo[. Then, if the derivative (In(TO))' is regularly varying at 00, one has, for all continuous bounded test 
functions f :]0, oo[-^ M, 

/ I 1 77— ) ^1 ^f^t{dx) I f{x)x^j.oo{dx), 



where /ioo (dx) is the measure introduced in Theorem and 

1-/3+ |a|/7 



Assuming that the derivative (ln(m))' is regularly varying at 00 may seem demanding. Actually, this 
assumption is also needed to get Theorem 11.31 but we are able to show it is always satisfied under the 
hypotheses of this theorem (see Lemma 13. 9p . Unfortunately, it seems difficult to adapt this proof to the 
case when the measure /ip has an unbounded support. However, according to a classical result on regular 
variation (the Monotone Density Theorem), (ln(m))' varies regularly at 00 as soon as ln(m) varies regularly 
at 00 and (ln(m))' is monotone near 00, which can be checked in some particular cases. 

There is also the following result on the decrease of the mass m when the density mq of /io has a power 
decrease near 00. 

Proposition 1.7. Assume that fiQ possesses a density uq in a neighborhood of 00 such that 

uo{x) ^ Cx~^ 
00 

for some 7 > 2. Then, 

m{t) - C'i^, 

00 

with C ~ \a\~^C m(u)u~^^^d7i < 00, where m denotes the total mass of the solution to fragmentation 
equation with the same parameters a,B as that considered here, and with initial distribution di, the Dirac 
mass at 1. 
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1.3 Quasi-stationary solutions 

A quasi- stationary solution to the fragmentation equation ([2]) is a solution (/it,t > 0) such that 

fj-t = m{t)^io,\ft > 0, 

with m(t) =< /it, id >. These quasi-stationary solutions are closely related to the measure fioo introduced 
in the statement of Theorem 11.31 We have already mentioned that the existence and uniqueness of such a 
measure /ioo satisfying (jlOp hold without any assumption of regular variation on the measure B or on its 
behavior near 0. The interesting fact is that, whatever the conditions on B, this measure and its self-similar 
counterparts 

Mi^) :=A-Voc °(Aid)-i, 

A > 0, arc the only initial measures leading to quasi-stationary solutions to the fragmentation equation 

Theorem 1.8. Fo?' all A > 0, let (/i^\,t > 0) denote the solution to the fragmentation equation (0) starting 
from fj.i^^ and constructed via a subordinator by Then for all t > 0, 

/.i^|, = cxp(-A"t)/i(,^) =m(t)/i(^). 
Reciprocally, if {fit,t > 0) is a quasi- stationary solution to the fragmentation equation, then there exists a 
A > such that {^lt,t> 0) = {t^'^.t,t> 0). 



Organization of the paper. We start in Section [2] with some background on subordinators and regular 
variation. Section [3] is the core of this paper: our main results on large-time behavior of self-similar Markov 
processes conditioned on non-extinction arc stated and proved there. Together with Theorem II. 1[ these 
results imply Theorems 11.31 11-61 and 11.81 well as Propositions 11.21 and 11.71 Section H] is devoted to the 
proof of Proposition [131 Some properties of the limit measure /ioo are given in Sectional and used to prove 
Proposition 11.51 Last, some specific examples arc discussed in Section [6] and the proof of Theorem 11.11 is 
detailed in the Appendix. 



2 Background on subordinators and regular variation 
2.1 Subordinators 

A subordinator is a non-decreasing Levy process, i.e. a non-decreasing cadlag process with stationary and 
independent increments. We recall here the main properties we need in this paper and refer to the Chapter 

3 of [2] for a more complete introduction to the subject. 

The distribution of a subordinator (^t, i > 0) starting from = is characterized by its so-called Laplace 
exponent (j) ■ [0, oo[^ [0, oo[ through the identity 

E[cxp(-ACt)] = cxp(-i0(A)), VA,t > 0. 

According to the Levy-Khintchine formula Theorem 1, Chapter 1], there exists a real o? > and a measure 
n on ]0, oo[, /p (1 A x)Il{dx) < oo, such that 

POO 

(^(A) =dX+ (1 - exp(-Ax))n(da;), VA > 0. 
Jo 

The measure IT governs the jumps of the subordinator: the jumps process of ^ is a Poisson point process 
with intensity H. 

We will need the strong Markov property of subordinators ([2 Proposition 6, Chapter 1]): given a 
subordinator ^ and a stopping time T with respect to the filtration (J^t,i > 0) generated by ^, then, 
conditionally on {T < oo}, the process (^t-i-T — Cr, f > 0) is independent of !Ft and is distributed as Last, 
we recall that the semi-group of a subordinator possesses the Feller property ([U Proposition 5, Chapter 1]). 

From now on, all subordinators considered in this paper start from and have a drift d = 0. Their 
distribution is therefore completely determined by their Levy measure IT. Note that when 11 is related to a 
measure B on ]0, 1[ through the formula ([6]), the above expression of (j) coincides with that given by formula 
dHl), i-e. 

POO rl 

0(A) = / (1 - exp(-A.T))n(da;) = / (1 - x^)xB{dx), VA > 0. 
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2.2 Regular variation 

A function / :]0, oo[-^]0, oo[ is said to vary regularly at oo (resp. 0) with index 7 G M if for all a > 

f{ax) 



fix) 



a? as X ^ 00 (resp. 0). 



We refer to [7] for background on the topic. In particular, we have already implicitely used that the inverse, 
when it exists, of a function regularly varying at 00 with index 7 > is also regularly varying at 00, with 
index I/7 (see Section 1.5.7 of [7]). 

Note that when the Levy measure 11 is related to the fragmentation measure B by the formula ([6]), our 
main assumption ([H| reads "w €]0, oo[-^ n(da;) varies regularly at with index — It is classical that 
this is equivalent to the fact that the function 

(f) varies regularly at 00 with index /3. 

This can be easily proved from Karamata Abelian-Tauberian Theorems (see in particular Chapters 1.6 and 
1.7 of [7]). We will often use this form of the assumption pT|) . 

To prove the forthcoming Theorem 13. 1[ which will then imply Theorems 11.31 and 11.61 (ii) , we will need 
the following technical lemma, which is taken from Chow and Cuzick flOj . 

Lemma 2.1. (Chow and Cuzick U0\. Lemma S]) Let f be regularly varying at infinity with index 7 > 0, and 
suppose that for all e > there exists some x{e) such that 

A^-"<4r4<A''^'> VA>l,Vx>a;(£). (11) 
fix) 



Then for all > —1, 



e-' 



{x-tf e-f^'^'^dx j-^-''r{i + e). 



\ t J t—too 



We point out that Chow and Cuzick state their result for all regularly varying functions with a positive 
index, but that their proof strongly relies on the key point (jlip . which is not true for any regularly varying 
function (easy counter-examples can be constructed). However, the hmctions we are interested in, i.e. 
— In(TO), and to which we will apply this result, will in general satisfy (jll|l . In particular, see the forthcoming 
Lemma [ 



3 Asymptotic behavior of self-similar Markov processes 

Given the construction ([7]) via subordinators of solutions to the fragmentation equation, the issue of charac- 
terizing the large-time asymptotics of these solutions is equivalent to characterizing large-time behavior of 
distributions of time-changed subordinators. 

So, let ^ be a subordinator started from with Levy measure 11 and no drift. We denote by 4> its Laplace 
exponent. Then consider a < and let X{0) be a strictly positive random variable, independent of ^. Our 
goal is to specify the asymptotic behavior as t — > cxd of the distributions of the random variables 

X(i):=:X(0)exp(-ep(x(o)"t)), (12) 
conditional on {X{t) > 0}, where p is given by 

p{t) = inf |u > : J exp{a£,r)Ar > t| . 

Following Lamperti [20j , the process X belongs to the so-called family of self-similar Markov processes. This 
means that it is strongly Markovian and that for all a; > 0, if denotes the distribution of X started from 
X, then for all a > 0, 

the distribution of {aX{a"t), t > 0) under P^^ is Pax- 
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Moreover, X reaches a.s. and it does it continuously. Conversely, Lamperti [2D] also shows that any 
non-increasing cadlag self-similar Markov processes on [0,cx)[ that reaches continuously in finite time a.s. 
can be constructed like this via a time-changed subordinator. 

Note that the moment at which X reaches is X(0)'"'/ where / is the exponential functional defined by 



exp(a^r)dr 



(13) 



which is clearly a.s. finite. The distribution of the random variable / was first studied in details in [5]. In 
particular, it is well known that for all integers n > 1, 

E[/"] 



<^(|a|)0(2|«|)...0(n|a|) 



and that the distribution of / is characterized by these moments (0 Prop. 3.3]). It will also be essential for 
us (see Propositions 1 and 2]) that there exists a unique probability measure /in on ]0, C!o[ whose entire 
positive moments arc given by 



x^Mdx) = cf>{\a\)<l>{2\a\)..4{n\a\), n > 1 







and that, moreover, if R denotes a r.v. with distribution independent of /, then 

i?/ = e(l) 

where e(l) has an exponential distribution with parameter 1. 



(14) 



(15) 



We now have the material to state the main result of this section. To be consistent with the notations 
used for the fragmentation equation, wc denote by xfio{dx), x > 0, the distribution of X{0). We recall also 
the definition of the function ip as the inverse, well-defined in a neighborhood of oo, of t — > t/ (j}{t). 

Theorem 3.1. Suppose that n(da;) varies regularly at with index —[3,13 G [0, 1[ and J°° a;n(da;) < oo. 
(i) If the support of /io is compact with a supremum equal to I, then for all bounded continuous functions 
/:]0,ooH 



E 



/ 



X{t) X{t) > 



E 



/(i?i/l"l) 



where R is the random variable with distribution defined by |i4[ ). 
(ii) If fJ-o possesses a density uq in a neighborhood of oo such that 

ln(uo(.T)) ~ -Cx'^ 

oo 

for some 7 > 0, then the function t g]0, oo[-^ P(X(i) > 0) is continuously differentiable. If moreover the 
derivative of t ^ ln(P(X(t) > 0)) is regularly varying at 00 - which e.g. is true as soon as this derivative is 
monotone near 00 - then, for all bounded continuous functions f :]0, oo[— » R, as t ^ 00, 



E 



/ 



h{t) 



l/\a\ 



X{t) X{t) > 



E 



/(i?i/l"l) 



where the function h is the inverse, defined in the neighborhood of 00, of t t^^^"'^^'' /(f>{t) and Ca^ij^-y^c is 
the constant defined in the statement of Theorem ] 1.6] 

We will see in the proof of this result that the function t (p{\a\t)/\a\t in assertion (i) can be replaced 
by any asymptotically equivalent function. Likewise for h in the second assertion. 

Now, let B be the fragmentation measure related to II by ©. If (/it,t > 0) refers to the solution to the 
(a, i?)-fragmentation equation contructed from ^ by the formula ([7]), we have 

m{t)= I xnt{dx)=r{X{t)>{)) 
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and the distribution of X{t) conditional on X{t) > is x iit{Ax) / m{t) . The above theorem then leads 
directly to the statements of Theorem 11.31 and Theorem 11.61 (ii) (note that J a;n(da;) < cw is equivalent 
to I ln(x)[x-B(da::) < oo). The limit distribution a;/ioo(da;) mentioned in these theorems is therefore the 
distribution of i?^/'"'. The large-time behavior of m{t) — P(X(<) > 0) is studied in Subsection 13.11 below, 
whereas Theorem 13. II is established in Subsection 13.21 

Last, we finish with the following result on the quasi- stationary distributions of X, which will be proved 
in Subsection 13.31 and which, in terms of the fragmentation equation, will lead to Theorem 11.81 We recall 
that the quasi-stationary distributions of X are the distributions on ]0, oo[ such that 

X(0) ~ <r ^ '&[f{X{t))\X{t) > 0] = E[/(X(0))], for aU t > and aU test-functions / defined on ]0, oo[. 

Theorem 3.2. Let fj}^^ denote the law o/ Ai?^/'"', A > 0. Then, a probability measure <; on ]0,oo[ is a 
quasi- stationary distributions of X if and only if ^ ~ Z^^' for some A > 0. Moreover, if X{0) ~ 

p{x{t) > 0) = cxp{-x"t),yt > 0. 

We point out that this theorem docs not directly lead to the reciprocal assertion of Theorem ll.81 However, 
easy manipulations of the fragmentation equation will lead to it. See Subsection 13.31 for details. 



3.1 Total mass behavior 

This section is devoted to the description of the behavior of the total mass 

/•oo 

m{t) = / xfitidx) = P {X{t) > 0) =: P (/ > X{0)°'t) . 
Jo 

The notations are those introduced above in the introduction of Section [3l We start with the following result, 
which holds for all fragmentation equations with parameters a < 0, B and all initial measure /io such that 
xi^iaidx) = 1. 

Proposition 3.3. The total mass m is strictly positive and strictly decreasing on [0, oo[. Moroever m(t) —>■ 
as t —> oo. 

Proof. Since 

m{t) = P(/ > x°'t)xno{dx), 
Jo 

it is sufficient to show that the function t G [0,oo[^ P(/ > t) is strictly positive, strictly decreasing and 
converges to as t oo. This last point is obvious since I < oo a.s.. Next, suppose that P(/ < t) = 1 for 
some t > 0. This would imply that for all n > 1 

E[/"] < i". 



0(|a|)0(2|a|)...0(n|a|) 



But we have seen in the Introduction that x/(f>{x) — > oo as x — > oo. In particular, 2t < n/(f)(n\a\) for large 
enough n, say n > uq. Hence we would have 

«o! -(2i)"-""<r 



cj>{\aM2\a\)..4{no\a\) 



for all n > Uq, which is impossible. So, P(/ > t) > for all t > 0. 

Last, for all t > 0, using the Markov property of subordinators, we get 



nt poo 

= / exp(a^r)dr + exp(aCt) / exp{a{£_r+t - £.t))dr 
Jo Jo 

< t -I- exp(a^i)/. 



where / is distributed as / and independent of ^t. Consider a such that P(/ < a) > and note, using the 
Poisson point process construction of the subordinator, that P(exp(a^i) < t/a) > for all t > 0. Then 



< P (cxp{a^t) < t/a,i < < P(/ < 2t), Vt > 0. 
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This leads to the fact that F{t > I > s) > for all < s < t. Indeed, the event {/ > s} coincides with 
{p{s) < 00} and when J > s, 



I = s + cxp(a^p(,,)) / cxp {a{^r+p(s) - ?p(.s)) dr. 
Jo 

Using the strong Markov property of the subordinator at the stopping time p{s), we get, with probability 
one, 

(/- .s)+ = exp(a^p(s))/, 
with / independent of ^p{s) ^nd distributed as /. Hence, for all < s < 

P(/ > s) - P(/ > = P(s < / < t) = P (expKp(.)) > 0,/ < - s)exp(|a|ep(,))) 

and this last probabihty is strictly positive since P(exp(a^p(s)) > 0) = P(/ > s) > and P(/ < a) > for all 
a > 0. □ 

Now we turn to the proofs of the more precise descriptions of the behavior of m stated in Proposition 
11.21 Theorem 11.61 (i) and Proposition 11.71 The crucial point is the following lemma, which is basically a 
consequence of Rivero [3^1 Prop. 2] and Konig and Morters [111 Lemma 2.3]. 

Lemma 3.4. Assume or, equivalently, that cj) varies regularly at 00 with index (3 E [0, 1[. Then 

In (P(/ > t)) ~ ii-l^^(|a|t) ^ (1 - f3)\a\T^^{t) 

00 |Q!| 00 

where (p is the inverse of t ^ t/(f>{t), which is well defined in the neighborhood of 00. In particular, 
— In (P(/ > t)) is regularly varying at 00 with index 1/(1 — /3). 

Proof. Note that the Laplace exponent of the subordinator |a|^ is ^da]-) and that the inverse of t ^ 
t/(j){\a\t) is </3(|q;|-)/|q!|. Using this remark, we can restrict our proof to the case |q;| = 1, which is supposed 
in the following. 

When (3 s]0, 1[, the statement of the lemma is exactly Proposition 2 of Rivero [25]. When f3 — and 

0(00) < 00, 



llnfEl) ^_iyin(0(i)) .-In 0(00). 

i—l 



Then by Lemma 2.3. of Konig and Morters [T^] 

lim - In (P(/ > t)) = -0(cx)). 

t^oc t 

Last, when (3 — and (f>{oo) ~ 00, we can adapt Konig and Morters' proof of [HI Lemma 2.3] to get the 
expected result. Indeed, first note that 



- In ( E 

n 



= -ln^ +ln(0(n))--^ln(0«) ^ -1, (16) 



i=l 

as a consequence of Stirling's formula and of the fact that 



ln(</>(n))--^ln((/)(z)) ^ 



n 

1=1 

since is a slowly varying function (see Section 3.2 of Rivero [26] for a proof of this last point). Then, it is 
easy, using Markov's inequality, that 

limsup - In (P (/ > n/(j){n))) < -1. 

n — ^00 ri 

To get a lower bound for the limit inferior, set Yn := ln(/0(n)/n). For every e > and every integer m, we 
have that 

1 ^ r „ 1 , ,E[/"+"](7!)(n)" 
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Letting m ^ oo, this gives 

^^->^0. (17) 

Besides, for all e > and all n > 1, 

iln(P(/ > ncxp(-£)M(n))) > iln(P(|y„| < e)) . 
n n 

But /~" > exp{—ne)n~"(f>{n)" on < e}, which gives 

l,.„r„.,,<e„ - i,„(E!i;te^.,,.,) 

1 / IE[/"l/|y l^^-ll 

> - In (^cxp(-ne)^^g|iliplin-"0(n)"E[/": 

By (fTB)) and (|17p . the last line of this inequality converges to — e — 1 as n — > oo. Thus, since the function 
t — > t/(j){t) is increasing and ip{t) — > c» as t — > oo, we have proved that 

limsup^-ln(P(/ > t j) < -1 

liminf — — 5— — ln(P(/ > t)) >-e-l. 
t— too (^(tcxp(e)) 

Using the regular variation of Lp, we get the expected 

lim ^-ln(P(/ > t)) = -1. 

t^oo Lp(t) 

□ 

3.1.1 /Uo with compact support: proof of Proposition 11.21 

We recall that with no loss of generality, the supremum of the support of /zq is supposed to be equal to 1. 
Then, 

m{t) = / P (/ > te") x^o(da;) < P (/ > t) / x^io{dx) ^¥{1 >t). 
J a Jq 

According to Proposition 3.3 in [5], Ca := E[cxp(A/)] < oo as soon as A < 0(cx)). Hence for such A's, 

m{t) <F{I > t) <Cx exp(-At), > 0, 

which gives the first part of the statement. 

Now, assume ^Q. Then, on the one hand, since m(t) < P(/ > t), wc get by Lemma [Hill 

liminf^l^>l^. 

t->oo ip[\a\t) \a\ 

On the other hand, for all < e < 1, 

m(t) > P (/ > i(l - e)") / xfio{dx). 



By assumption, J^_^ xiiQ{dx) > 0, hence 



-ln(m(t))^,. -ln(P(/>t(l-e)")) 1-/3, 
hmsup ,, , < hmsup ^ ^ , , '—^ = —r-ri^ ~e)^-i^. 

t^oo '■P{\ct\t) t^oo I"! 



Then, let e 4 to get the expected result. 
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3.1.2 fiQ with unbounded support: proofs of Theorem 11.6] (i^ and Proposition [T771 
Proof of Theorem 11.61 (i) 1. Suppose first that /io(dx) = exp(— Ca:;''')dx, 7 > 0. Wc have 

roc +-2/a roo 

m{t) ^ J F{I>tx°')x exp{-Cx'')dx = — — J P i^I > u"/'' j u^/'^-^ exp (^-Cut""'/" j du, (18) 

using the change of variable u ~ {xt^^")'^ . Then use Lemma [3.41 and Theorem 4.12.10 (iii) of [7] to get 

-ln(^^ P (/ > u"/'^) u^/t-Mm^ -^-ln(p(/>a;"/'')) (1 - 

which varies regularly at with index 0/(7(1 — 0)). Note that in a neighborhood of 0, a; ^ l/tp{x"^'^) is 
the inverse of ^ 

Hence, by de Bruijn's Tauberian Theorem [TJ Th. 4.12.9], we have 



In 



(^J^ P (/ > u"/'^) w^/'^-i exp i-ut) du^ ^ Ca,^,^//io(t), 



where /iq is the inverse, well-defined in the neighborhood of 00, of a; — > .t ^ {x(j){l/x)y^°' and Ca^p^-y is the 
constant defined in the statement of Theorem Together with this leads to 

-ln(m(t)) - Ca.«^C(i+(i"'')T/l"l)"V/io(t''/'"')- 

Otherwise said, 

-ln(m(i)) - C„..C(i+(i-«^/l"l)"/i(t) 

CXD 

where h is the inverse of <i+l"l/''/(/>(<). 

2. Now, suppose that fiQ possesses a density uq in a neighborhood of 00 such that In (720(2;)) ~ —Cx'^, 

oc 

7 > 0. Fix e > and let be such that uo{x) exists for x > and 

exp(-(l + e)Cx'i) < uo{x) < exp(-(l - e)Cx'^), Wx > G,. (19) 

Then write 

m{t) = P (/ > te") x^io{dx) + P (/ > te") a;uo(a;)da;. 
On the one hand, following the argument developed in Section [3.1.1l wc get 

Inf rf^^P(/ > tx°')x^ioidx)) 

t->oo ip[t) 

which actually holds for any initial measure ^o- Note that ip{t)/h{t) — > 00 as i — > 00, where h is the function 
defined above, in the first part of this proof. 

On the other hand, the inequalities (jl9p and the results of the first part of this proof imply that 

- In ( f^¥(I > tx") xuo(x)dx] 
t~*oo nyt) 

and 

-\n((^f(I>tx°')xuoix)dx\ 

Ih^inf '—J- > C.,,.,((l - £)C)(^+(i-«-/l"l)-\ 

t^oo hit) 

We have therefore proved that 

C.,,.,((l - £)C)(i+(i-«-/l"ir^ < hnrinf ^i^^M^ < Un^sup ^^^^^^ < ^.,.,((1 + e)C(i+(i-«-/l"l)-^ 
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for all £ > 0. The result follows by letting £ | 0. □ 
Proof of Proposition fTTTl Suppose that uo{x) ~ Cx ' on [a, oo[ for some a > and 7 > 2. Then, 



00 



m{t) = C I P(/ > x'^t)x^-^dx + J P(/ > x°'t)xtJ,oidx). 



a 



With the change of variables u — x^t, 



'{I > x°'t)x^-''dx 



,2^ .a"t 



and this last integral converges to a finite limit as i ^ cx) since P(/ > u) < C\cxp{—Xu) for all it > and 
some A > sufficiently small (see the proof of Proposition If .21 for this last point). Using the same upper 
bound for P(/ > x^t), we get that 



P(/ > x°'t)xfioidx) < CAexp(-Aa"i) / x^loidx). 
Jo 



Thus, 



mit) ^ —t— 
t^oo \a\ 



> u)u' 



Mm. 



It is not hard to extend this proof to the cases when uq{x) ^ Cx , for some 7 > 2, which is left to the 

CJO 

reader. □ 



3.2 Proof of Theorem [XT] 

We start with the following lemma. 

Lemma 3.5. Suppose that — ln(m) varies regularly at 00 with a positive index 7 and satisfies ill])- Then, 
for any function g : [0, oo[— >]0, oo[ such that g{t)/ {— ln(m(<))) ^ I as t ^ 00, we have 



E 



E 



for all continuous bounded test functions f on ]0,oo[. 
Proof. First note that when X(0)l"l/ > t, 
X(0)l"l/ 

/.p(X(0)°t) noo 

= X(0)l"l / exp(a^r)dr + X(0)'"lexp(aCp(x(o)°t)) / cxp{a{(r+p(xio)'-t) ~ Cp(xio)'-t)))dr 

Jo Jo 

/>oo 

= t + X(0)l"lexp«p(x(o)°t)) / exp(a(^,.+p(x(o)°t) ~ ^p(^(o)°t)))d?'- 

Jo 

Then use the strong Markov property of ^ at the (randomized) stopping time p{X{0)°'t) to get 

(X(0)l"l/ - t)+ = X(0)l"l eM^Ux(o)^t))I = X(t)l"l/, (20) 
where / is distributed as / and is independent of X{t). This gives, for all 71 G N*, 

, /.NX 1/|q 



m{tyE 



E[/"] = m{t)-^ ( I E 



i{t) 



.1 fl9it)Y 



Then recall that 



m{t) = P(X(0)l"l/ >t), t> 0. 



E 



X(t)l"l" E[/"] 
(X(0)l"l/-i)^ 
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Integrating by parts, 



m(t) 



-1 (^29it)Y 



E 



(X(0)l"l/-t)+) =nm{t) 



-1 (l9{t) 



which, according to Lemma 1 2. II and the assumptions we have made on — ln(m) and g, converges as t — > oo 
to n!. Next note that E[_R"]E[/"] = n!, using the factorization property of the exponential random 
variable with parameter 1. Putting all the pieces together, we have proved that for all integers n > 1, 



E 



l/|a| 



\ |a|n 

X{t)\ X(<)>0 



E[i?"] 



To sum up: let vt denote the distribution of conditional on X{t) > [vt is a probability 

measure on ]0, C!o[). We have shown that for all n > 1, 



/■oo 

/ X"l/t(dx) 

Jo 



a;"'^i?(dcc) 



where is the distribution of R. Of course this still holds for n = 0. But the distribution of R is 
characterized by its moments. It is then well-known ([T31 Chapter VIII, p. 269]) that this implies that vt 
converges in distribution to ^r- CH 



3.2.1 Proof of Theorem [SH] (i) 

By Proposition II. 2[ under the hypothesis jHI, — ln(m) varies regularly at oo with index 1/(1 — /?) and more 

(1-/3)^ 



precisely 



ln(m(i)) 



-V{\a\t). 



Together with Lemma [3.51 this implies the statement of Theorem 13.11 provided — ln(m) satisfies (|lip . The 
goal of this section is to proof this last point when /io has a compact support. 

Lemma 3.6. Let 

/(x) = -ln(m(a;)),a;>0, 

and assume 0), that /°°xn(da;) < oo and that has a compact support. Then for all e > 0, there exists 
some x{e) such that 

^ fiM ^ x^^", VA > 1 and Vx > x(e). 

This lemma is a direct consequence of the forthcoming Lemmas 13.71 and 13.101 
Lemma 3.7. Let g :]0, oo[— >]0, oo[ be a continuously differentiable function such that 

xg'{x) 



c> as X oo. 



Then for all e > there exists some x{e) such that 



^c-e < 5(A^ < ^c+e yx > 1 and Vx > x( 



Proof. For e > 0, let x{e) be such that 



xg^ (x^ 

c — e < — z—:— < c + e for all x > x(e). 



For such xs, and all A > 1 



(c - e) ln(A) = (c - e) / y-^dy < 



Xx 



Xx I 



g'jy) . 
aiy) 



Xx 



dy<ic + e) y My = (c + e) ln(A). 



Since J^^ ^giyj'^y ~ ^^^idi^-'^)) ~ li^(5(2^))i the result is proved. 



□ 
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Lemma 3.8. Suppose that (j) is regularly varying at oo with index /? S [0, 1[ and that 4>{x) — > oo as x ^ oo. 
Let fi' g]/?, 1[. Then there exists some xi{(5') such that for x > xi{(3') and all A > 1, 

1 < (j){x) < 0(A.t) < \l^'<l>{x) 

and 

4){x) < x^' . 

Proof. Note that (j) is infinitely differentiable on ]0, oo[, with derivative 

/•oo 

(f)' (x) ~ / V cxp{~xv)Il(dv), 



which is non-increasing. It is then a classical result on regular variation (see the Monotone Density Theorem, 
[3 Th.1.7.2]) that (j)' is regularly varying with index /3 — 1 and 

(j>{x) x^oo 

The first part of the lemma is then a consequence of the above Lemma 13.71 and of the fact that </> is 
increasing and converges to oo. We also have that <p{x)/x^ converges to at oo (since /?' > /?), hence the 
second assertion holds for x large enough. □ 

Lemma 3.9. Let 

fix) = -ln(P(/ >x)),x>0, 

which, as proved in Lemma \S.4\ is regularly varying with index 1/(1 — /?), under the assumption |^]. Suppose 
moreover that J°° xn(da;) < oo. Then f is infinitely differentiable and 

xf(x) 1 

— > as X ^ oo. 

fix) 1 - p 

Proof. According to |9l Prop. 2.1]. when /°° a;n(da;) < oo, there exists an infinitely differentiable function 
k :]0, oo[— > [0, oo[ such that kix)dx is the distribution of /. Moreover, 

kix) = / n{\a\~^\niu/x)) kiu)du 

J X 

kiu)du^ Uidv). 

To simplify notations, we suppose in the following that \a\ = 1. The proof is identical for |a| ^ 1. In 
particular, we have, 

/>oo 

P(/ > x)^ kiu)du, 

J X 

and 

.n'x) = „,r N - / (l-exp(/(x)-/(.Te'')))n(d«),x>0. (21) 



> X) Jo 

Note that since / is regularly varying with a positive index, we have that fix) oo as x oo, and therefore 
for all V > 0, 



fix) - fixen = fix) (^1 - ^ fix) (l - e"/(i-^)) 



— oo. 

X — ^oo 



• When n(]0, oo[) < oo, this implies the expected result, since, by dominated convergence, 

fix) ^ n(]0,oo[) = lim 

X — >oo X — >oc X 

• The proof is much more technical when n(]0, oo[) = oo, which is supposed for the rest of this proof. We 
proceed in two steps. 
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Step 1. The goal of this step is to prove that 



Hn.inf^> ' 



^oo f{x) - 1-/3 

To start with, suppose there exists some Xq and some non- decreasing positive function g such that f'{x) > 
g{x) for aU x > xq. Then for x > xq and v > Q 



f{xen-f{x) = / f{u)du>g{x)x{e''-l)>g{x)xv. 

Using (PT|) . this gives 



fix) > <P{g{x)x), x>xo. (22) 
Now, note that /'(x) cx) as x cxd since for all a > 

poo nOO 

hminf /'(x) > hminf / (1 - exp (/(x) - /(xe^))) n(dw) = / Il{dv) 

(by dominated convergence) and this right-hand side converges to oo as a ^ 0. In particular, f'{x) > 1 for 
X sufficiently large (say x > xq). Replacing 5 by 1 in ([2^ . we get 

fix) > (j){x),yx > zq. 

Recall that </) is non-decreasing and then iterate the procedure to get, for all n > 

f{x) > K{x), yx > xo, (23) 

where the functions h„ :]0, cxd[— > ]0, oo[ are defined by induction by 

ho{x) — 1, for all x- > 

hn{x) — 0(/i„-i(x)x), for all a; > 0. 

Now the interesting fact is that for x large enough, hn{x) (p{x)/x as n 00. Indeed, let /3' g]/3, 1[. With 
the notations of Lemma [?751 we have for x > xi (/?'), 1 < (j){x) < x^ , i.e. ho{x) < hi{x) < x^ . Using that cj) 
is non-decreasing, we easily have, by induction, that 

1 < K{x) < K+i{x) < < 2:^*7(1-/3') ^ 

for all n > 1. Let l{x) := lim„^oo (a:^) ■ We have shown that < l{x) < 00. Then necessarily l{x) = 
(p{l{x)x), otherwise said l(x)x / 4>{l(x)x) = x and finally, l{x)x ~ ^(x), \/x > .ti(/3'). To conclude, for x large 
enough, letting n ^ 00 in (|23p . we get f{x) > (p{x)/x, which, combined with Lcmma l3.41 gives the expected 
liminf. 

Step 2. The proof of the limsup is similar, but more technical. To start with, note that for all e > and 
all a < ln(l + e), a > 0, 

/•ln(l+e) An{l+e) 

liminf/ (l-exp(/(a;)-/(a;e")))n(du) > liminf/ (1 - exp (/(x) - /(xe^))) n(dt;) 



X — >QO ^ ^ 

ln(l+£) 



a-+0 

whereas 



n(d7j) (by dominated convergence) 
00, 



lim 



(l-exp(/(x)-/(xe^)))n(di;)= / n(dt;)<cx). 

J\n(l+s) 



/ln(l+e) Jln(l+e) 

Hence, there exists some xi{e) such that for x > xi{e) 



r-ln(l-l-e) 

fix) < (1 + £) / (1 - exp (fix) - fixe^))) n(d«). (24) 
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Next, fix some /3' e]/3, 1[ and consider some 5>0 and e > sucli that (1 + S){1 + ey/'^'^'^^ (3' < 1. Since / 
is regularly varying with index 1/(1 — /3), there exists some X2{S,s) such that 

fixil+s)) <il + S){l+ey^^'-^\f{x), Vx>x2iS,e). (25) 

We will need this later. For the moment, let xq = max(a;i(/3'),xi(e),a;2(<5,e)), with xi{f3') as introduced in 
Lemma 13.81 Next, suppose that for all x > xq 

/'(^) < gi^) 

for some non- decreasing function g s.t. g{x) > 1 for all x > xq- Note that this implies that 

/(rre") - /(x) = H f iu)du < gixe'")xie- - I). 

J X 

The function v v^^{e^ — 1) is increasing on [0, oo[, hence e" — 1 < vj{e) for all v < ln(l + e), where 
7(e) = £/(ln(l + e)). Together with (dH) this leads to 

fix) < (1 + e)/ il~exp{~gix{l + e))xv-f{e)))U{dv) 

< {l + e)cj)igix{l + e))x^ie)) (26) 

for all X > Xq. 

Then wc claim that for all n > 1 and all x > xq 

fix) < (1 + e)i+/3'+2/3"+-+"/5"-^(£)/3'+/3"+-+/3'"g (:c(l + erf" K{x), (27) 

where the sequence of functions hn is that introduced in the step 1 of this proof. Wc will prove this by 
induction on n. Before doing this, let us just mention that, by an easy induction, using Lemma l3.8|, 

hn{x{l + e)) < (1 + e)'''+"-+^'"/i„(x),for all x > x^ and n>\. 

We now turn to the proof of ([27|) . For n ~ 1, use ([26|l and Lemma [3.81 to get (note that 7(e) > 1, hence 
7(^)5 > 1) 

fix) < (1 + e)g{x{l + e)f-i{eyU{x),x > xo, 

which leads to ([?7|) for n = 1. Now assume (P7|) is true for some integer n. Note that the function in the 
right-hand side of this inequality, which we call gi, is larger than 1 for all a; > a^o- Note also that it is 
non-decreasing. Hence we get, replacing g by gi in (|26p . for x > xq, 

fix) < (1 + e)0 ((1 + sy+^'+^P"+-+^^P'"j{ef+f^"+-+^'"g (x(l + er+Y" /i„(x(l + e))xjie)) 

< (1 + £)(/) ((1 + e)i+2/3'+3/3"+-+(»+i)/3'"T,(e)i+/3'+/3"+-+'3"'g (^^(1 + e^+Y^ h^{x)x) 

< (1 + e)i+/3'+2/3"+-+(»+i)/3'"+\(£)/3'+/3"+-+/3'"^^g + e)"+i)'^"'^' ^ (/i„(x)x) , 

where for the last inequality, we have used Lemma [?751 Hence we have ((?7|) for all n > 1. 

Now, thanks to the assumptions pl|) and / xn(da;) < oo and to Lemma 1 in [18j . we know that the 
function k is bounded from above on ]0, c>d[, say by some constant C > 1. Hence f'{x) = k{x)/P{I > x) < 
Cexp(/(x)) for all a; > 0. Since / is non-decreasing and non-negative, the function x Ccxp(/(a;)) is 
non-decreasing, greater than 1 hence wc can replace g by this function in (|27p to get for all n > 1 and all 

X > Xq 

fix) < (1 + e)i+/3'+2/3'"+.-+"/9'"^(£)/3'+/J''+-+/3'"C"3'" exp (/3'"/(x(l + e)")) K{x). (28) 

Our goal now, is to let n oo in this inequality. Iterating inequality ()25p . wc get for x > xq and for all 
n>l 

/(x(l -f e)") < (l-f (5)"(1 + e)"/(i-«/(a;). 

Since 

(l + (5)(l + £)i/('5-i)/?' < 1, 
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this leads, for x > xq, to 

exp(/3'"/(.T(l + £)")) -> 1. 



n—^oo 



As n ^ cx), we also have 

C^'" ^ 1 and (1 + £)i+^'+2/3"+-+"/5'" ^ (1 + ^)1+07(1-0')^ and ^ 7(£)'5'/(i-/3') . 

Last, recall that for x large enough, hn{x) Lp{x)/x as n ^ cx). Letting n ^ oo in (|28p . wc therefore have 
for a; large enough 

/'(x) < Ce^(x)/x, 



where ^ 1 as e — ^ 0. This gives 



lim sup < 



.oo" fix) -1-/3 



□ 



Lemma 3.10. Let 

fix) :=-ln(m(x)),x>0, 

and suppose < oo and that fiQ has a compact support. Then f is differentiable on ]0,oo[ 

and 

xf'ix) xm'ix) 1 



fix) mix) fix) 1 - 13 



as X ^ oo. 



Proof. With no loss of generality, we suppose that the supremum of the support of jiQ is equal to 1. Under the 
assumptions of the lemma, we know (see the proof of the previous lemma) that x P(/ > x) is differentiable 
on ]0,cx)[, with derivative —k. By Lemma 1 in |18| . we also know that the function x g]0, oo[^ xkix) is 
bounded. Let M denotes an upper bound. Recall then that 

mix) = f P(/ > xy'')yfioidy) 



and note that for all x > a > and all y €]0, 1[, 

|c),(P(/>a;2/"))| < — . 

' ' a 

Hence, by dominated convergence, m is continuously differentiable on ]0, oo[, with derivative 

m'ix) = - kixy°')y°'ynoidy),x > 0. 



Now, fix S > Q. By Lemma [3.91 there exists some xiS) such that for x > xi5), 

1-S -xkix) 1 + 6 

1 -13 - P(/ > a;)ln (P(/ > x)) " 1-/3' 

Then for x > 

' P(/ > xy") In (P(/ > xy")) yMdy) < m'ix) < — / P(/ > xy") In (P(/ > xy'^)) yMdy). 



(1 - P)x 7o ^ ^ ^ ^ ^ ^ " - " - (1 - Jo 

(29) 

Now, let £ > 0. On the one hand, we claim that 

P(/>xy")ln(P(/>xy"))y/io(dy) - / P(/ > xy") In (P(/ > xy")) yMo(d2/). (30) 



Indeed, for all < y < 1 — e, 

P(/ > a:y")ln (P(/ > xy")) 



=>(/ > x(l - e)") In (P(/ > xil - £)")) 



as a: ^ 00 
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since a; ^ — In (P(/ > x)) is regularly varying at oo with a positive index and a < 0. It is then not hard to 
see, using Lemmas 13.71 and 13.91 that for x large enough this function is bounded from above by 



exp 1 



1-e 



which, in turn, is bounded for y e]0, 1 — e[. Hence, by dominated convergence, we see that 



l-e 



P(/>xy")ln(P(/>xy"))yMo(d2/) 



X — *oo 



< 



P(/ > a;(l - e)") In (P(/ > x{l - e)")) 



P(/>xy")ln(P(/>X2/"))y/.io(dy) 



l-e 



where we have used for the last inequality that the function x — a;ln(a;) is increasing in a neighborhood 
of 0. Hence (|30|) . A similar, but simpler, argument leads to 



\I > xy")yfio{.dy) 



l-e 



P(/ > xy'')ytio{dy). 



(31) 



On the other hand, using that x — > In (P(/ > x)) is regularly varying with index 1/(1 — /5), we have for 
1 — e < 2/ £ 1 and x sufficiently large (say x > x{e)) 

(1 + £)(1 - e)"/'!-^ In (P(/ > x)) < In (P(/ > x{l - e)")) < In (P(/ > xy°)) < In (P(/ > x)) . 

Thus 

F(I > xy")\n(F(I > xy°'))yno(dy) 

P(/ > xy'^)yMdy) < 1 < (l+£)(l-£)"/(i-'') / P(/ > xy")y/io 

i-s ln(P(/>x)) 

Which, taking x{e) larger if necessary and using ([50]) and (|3ip . gives for x > x{e) 

n ^^ ' , ^ /oP(/>xy")ln(P(/>xy"))y/.o(dy) ^ ^ ^^^^ ^ ,(,_^) 

(1 - 8)m{x) < ln(P(/ > a:)) ^ (1 + + -£) ^'m{x). 

Plugging this in and letting first £ ^ and then (5 ^ 0, wc get the expected convergence, since 
f{x) ln(P(/ > x)) as a; ^ cx). □ 



3.2.2 Proof of Theorem [SH] (ii) 

The fact that the function 

X e]0,oo[^ fix) := -ln(m(.T)) = -ln(P(X(.T) > 0)) 

is continuously differentiable on ]0, cxd[ can be proved exactly as when the support of fiQ is compact. See 
the beginning of the proof of Lemma f3.10l Next, by Karamata's Theorem (Th. 1.5.11 of [7]), if / varies 
regularly at oo with index A > and if its derivative is also regularly varying at oo, then 



fix) 



A as X — > oo. 



Together with Theorem 11.61 (i). Lemma l3 . 71 and Lemma l3.5[ this implies Theorem 13. II (ii) 



3.3 Quasi-stationary distributions 

Proof of Theorem When X{Q) - the distribution of X(0)l"'/ is that of A'"li?/, with R 

independent of/, i.e. that of an exponential random variable with parameter A". We then immediately have 
that for n > 1 and t >0, 



E 



((X(0)l"l/-0+) ] = Al"l"n!exp(-A"t), 
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and 

F{X{t) > 0) = P(X(0)l"l/ > t) = cxp(-A"<). 
Following the beginning of the proof of Lemma 13.51 this gives 



and then 



E[/"] =E [((X(0)l"l/-i)+)"] = Al"l"n!exp(-A"i) 



E \X{t) > ol = E[Al"l"i?"] = E [X(0)l"l 



Hence /i^^ is a quasi-stationary distribution, since the distribution of R is characterized by its entire positive 
moments. Note there is no other quasi-stationary distribution. Indeed, let <r be a quasi-sationary distribution 
and suppose X{0) ~ Then necessarily, by the Markov property of X, F{X{t + s) > 0) = P{X{t) > 
0)P(X(s) > 0) which implies that X(0)l"l/ has an exponential distribution. Say with parameter i, i.e. 
£X(0)l"'/ has a exponential distribution with parameter 1. Since the factorization (fTSjl characterizes the 

distribution of i?, we get that <r /i]^ . □ 

Proof of Theorem 11.81 The first part of this theorem is an obvious consequence of Theorem 13.31 The 
reverse cannot be directly deduced from Theorem 13. 3[ since we do not know if uniqueness holds for the 
fragmentation equation when the initial measure has an unbounded support. 

So, consider (/^t,i > 0) a quasi-stationary solution to the fragmentation equation We want to 

prove that this solution belongs to the family of solutions (^{p-[^\, i > 0), A > 0^ as defined in Theorem 11.81 

Replacing fit by 7Ti(t)/io in equation we get that 

(1 - m(t)) < ^0, / >= - / m{s)ds < fio, G{f) >, V/ e C^, 

Jo 

where G{f){x) = /^^(/(a;?;) — f{x)y)B{dy). Otherwise said, there exists some constant C > such that 



m{t) = exp(-Ct), yt > 0, 



and 



<fioJ>=-C-'<fio,G{f) >, VfeCl 
When f € C^, the function x xf{x) is also in C}. Hence the above identity rewrites 



(32) 



where i(/)(x) = (/(xy) - f{x))yB{dy). 

To show that this characterizes /xg, we need the following fact: for all /3 > 0, there exists a non-decreasing 
sequence of functions fp^n :]0, oo[— > [0, oo[ such that //3,n(a;) x^ as n — » oo, Va; > 0; and fp^n G Cc ^^'^ 
1/^ „(x)| < for all a; > and aU n > 1. This sequence can, for example, be constructed by considering 

first a non-decreasing sequence of continuous functions gp^n :]0, oo[— > [0,cxd[ such that (7/3.„(x) < f3x^~^ , 
Vx > 0,n > 1, g/3,„(x) = Px^^^^ for x e [n^^,n] and g/3,„(x) = for x e]0, (2n)"i] U [2n, oo[. Then 
set f/3,n{x) := gp,n{u)du for x g]0, 2n] and extend these functions on ]2n, cx)[ so that f^^n £ Cc ^^'^ 
\f'l3 ni^)\ — /3a;''~^, for all a; > and all n > 1, and the sequence (//3,ra,n > 1) is non-decreasing. For all 
(3 > 0, this implies that for all .t > 



A{fp.n){x) 



(/ - l)yB{dy) = ~x"+Um 



together with 



\MU.n)ix)\ < (2 + /3)x"+^ / {l-y)yB{dy). 

Jo 



(33) 



(34) 



Indeed, this is obvious when /? > 1: we just need that 



sup \f'p^„{z)\x{l~y)<Px"{l~y), for y g]0, 1[, a; > 0, 

e[xy,x] 
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and then use the dominated convergence theorem. The case < /3 < 1 needs more care. Using the above 
mentioned properties of /^,„ and also that fp^nix) < we obtain, for x > and y s]0, 1[ 

x\fp,n{^y) - fpA^)\ < xfi3Axy){l -y) + \xyfp^n{xy) - .t/^,„(x)| 

< x'+''{l-y)+ sup \{idfp,„y{z)\x{l-y) 

z^[xy.x] 

< x^+^'{l-y) + il + l3)x^+^{l~y), 

which leads to and ([M)) . 

Now, take (3 — \a\. Then use ((551) . (EH) and the dominated convergence theorem in the right-hand side 
of p2p (recall that 2:/io(da:;) is a probability measure), together with the monotone convergence theorem in 
the left-hand side of ([32|l to get 







a;l"la;/io(da::) = C < oo. 

Then, by an obvious induction, taking successively (3 = 2\a\, (3 = 3|a|, etc., we get for all ti > 1 
a;"l"la;^o(dx) = C-^4>{n\a\) / a;("-i'l"lx/io(da;) = C-"0(n|a|)...0(|a|). 



We recognize the moments formula dH]). Hence a;//o(dx) = (dx) = x^oo (dx) and for all i > 0, 

/it = m{t)^o = exp(-Ct)/i^ ' = □ 

4 Different speeds of decrease: proof of Proposition 11.41 
4.1 Proof of Proposition 11.41 (i) 

Recall that the support of /io is supposed compact with suprcmum 1 . The goal of this section is to prove the 
forthcoming CoroUory 14.31 which is the statement of Proposition 11.41 (i) translated in terms of the process 
X defined by (fT^ , provided the Levy measure 11 of the subordinator ^ involved in the construction of X is 
related to the fragmentation measure B hy ^ and X{0) is distributed according to xnoidx). We recall that 
the distribution of X{t) conditional on X{t) > is then xiJ,t{dx)/m{t), t>0, where (/ft,t > 0) denotes the 
solution to the fragmentation equation starting from /.(q. We start with some preliminary lemmas. 

Lemma 4.1. Suppose i TH)] and that | ln(a;)|a;-B(da;) < oo. Consider some r.v. I independent of X , with 
distribution that of Jp°° exp(a^r)dr. Then 

(i) there exists some io > such that 

sup a"P i ( < a Xit) > 0^ < oo 
t>to,a>o \\ \a\t J J 

(ii) for all positive function g : [0, oo[^]0, oo[ converging to at oo, we have, as t ^ oo, 



l{trV X{t)I^/\cA < g^t) I X[t) > 0^ 



Proof. To simplify notations, suppose a = — 1 (the proof is identical for all a < 0). Recall then the key 
equality in law ([^0]) . which leads to the following identities for all a > 



X{t)I<a X{t)>Q] = -L^P (^0 < X(0)/ - < < 



m{t) - m{t + at/if (t)) ^^^^ 
am(t) 

1/- / ln(m(t(l + «Mt)))) \\\ 



1 — exp — ln(m(i)) 



ln(m(t)) 
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Use then the regular variation of — In (to) with index 1/(1 — /3) (Prop. II. 2p and Lemma [3.61 to see that for 
all e > 0, there exists a real t{e) such that for all t > t{e) and all a > 0, 

1 - (1 + a/^(t))^- < 1 - '^^'"^^l^J;;^;^^^^^^ < 1 - (1 + «/v.(t))^- . (36) 
Now, let < e < 1 - /3. Since 

1 - (1 + x)^+' > -X (yY^ + 2e 
for all X > sufficiently small, since moreover (pit) oo as t — > oo and — In(TO) ~ (1 — /?)v3, we have that 

oo 

for all < a < 1 and all t > t'{e) (for some t'{e) depending on e but not on < a < 1), 

ln(TO(i)) / 1 



-ln(TO(i))(l-(l + aMt))T^+^') > r:^^a(^^ + 2e 

Together with the identities ([35|) and inequalities (13611 this implies that for all t > ma.x{t{e) , t' (e)) 

sup a-^V ('^X{t)I < a X{t) > ) < cx). 

0<a<l \ t J 

This is enough to get (i), since for a > 1, times a probability is bounded by 1. 
The proof of (ii) relies on the same idea. Since g{t)/(p{t) ^ as t — > oo, 

- ln(TO(t)) (l - (1 + g{t)/^{t))^+') ^ - /?) 



1-/3 

and a similar result holds by replacing e by — e. Together with the inequalities ([36]) and the identities ([35]) 
(replacing there a by g{t)), using also that g(t) — > as t ^ oo, we get (ii). □ 

Lemma 4.2. Suppose n :~ \ ln{x)\xB{dx) < oo. Then, 

(i) I possesses a density k £ C°°(]0, oo[), 

(ii) E[/"^] = K\a\ < oo, 

(Hi) if moreover the support of B is not included in a set of the form {a", n £ N} for some a g]0, 1[, then 
the function 



poo 

Jo 

is well-defined and non-zero for all real x. 



Proof. If n is the Levy measure associated with the fragmentation equation, the assumption k < oo is 
equivalent to xll{dx) < oo, which, by Propositions 3.1 and 2.1 of [5] implies (i) and (ii). Next, it was 
proved in the proof of Theorem 2 of [TH] that E[/"~^] ^ for all a; G M under the additional assumption 
that the support of H is not included in a set of the form {rn,n > 0} for some r > 0. □ 

Corollary 4.3. Suppose H^) . that k = \lii{x)\xB{dx) < oo and that the support of B is not included 
in a set of the form {a^^n G N} for some a £]0, 1[. Then, for all measurable functions g : [0, oo[— >]0, oo[ 
converging to at oo. 



Proof. Set for a; > 



Ut{x) := g{tr¥ ( (^|^) ^' ' < ^ffW | > 
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and note this quantity increases in x when t is fixed. Then consider some r.v. / independent of X, with 
distribution that of exp(a^r)dr. Consider b such that P(/ < fe) > 0. Then 

Ut{x)ni <b)< gitrF (^(^^j^) ^' ' X{t)l'^\"\ < 5i/l"lx5(t) | X{t) > , 

which, according to Lemma l4. II (i). is bounded from above by some constant (independent of t and x) times 
&.tI"I for aU a; > and t > to. I.e., there exists some finite constant C such that for all t sufficiently large 
and all a: > 0, 

x^Utix) < C. (37) 

Now, consider an increasing function ^ : N ^ N. For all x > 0, the sequence (J7;(„)(x), ?i > 0) is bounded. 
Hence there exist some non-decreasing right-continuous function U : [0, oo[— + [0, oo[, with U{0) — 0, and a 
subsequence [U^^yn > 0) of {Ui(^n),n > 0) such that U^^-^{x) — > U[x) for a.e. a; > 0. See e.g. [Theorem 2, 
Section VIII.7]|T3]. Hence if we prove that the limit U is given by 

U{x) -j^, Vx > 0, (38) 
\a\K 

for all sequences (/(n), n>Q), {l{n),n > 0) as defined above, we will have the expected result (note that the 
continuity of the function involved in (|38p implies that the convergence will hold for every a; > 0) . 

To prove ((38|) . recall that by Lemma [42l (ii). x~^k{x)dx < oo. Hence by dominated convergence, for 
aU a > 0, (aa;i/")A;(x)da; U{ax^/")k{x)dx. By Lemma lO (n) , we therefore have 

U{ax^^")k{x)dx = al"l, Va > 0. (39) 

We claim that this equation characterizes U under the additional assumption that the support of B is not 
included in a set of the form {a",n S N} for some a g]0,1[. Indeed, note first that by setting V (x) := 
cxp{x)U {exp(x / a)) and k{x) :— fc(cxp(— x)) for all x G M, the above equation rewrites 

V{x)k{y-x)dx = 1, Vy e M. 

But the function V is bounded a.c. on M, by ([37|) . Moreover, by Lemma l4?2l (ii), k € L^(R) and by Lemma 
4.21 (iii), the Fourier transform of k is non-zero on K. Wc conclude with the Wiener approximation Theorem 
for Li(R) ([3 Th.4.8.4]) that the above equation in V has a unique bounded solution (in the sense that two 
solutions are equal a.e.). This determines V, hence U, almost everywhere. Since U is right-continuous, it is 
determined for all x > 0. Last, it is not hard to check that the expression of U given by indeed satisfies 
equation ((5^ . □ 



4.2 Proof of Proposition 11.41 (ii) 

We just have to prove the second part of Proposition [L4l (ii), the first one being obvious since fit {]^, oo[) = 
for alH > and g{t){ip{\a\t) /lalt)^^" — » oo as t — » oo. Wc keep the notations of the previous section and we 
recall that we work under the assumption pi)) . From the proof of Lemma |4. 11 we get that 

for all positive functions h such that /i(t)l"l /fit) ^ as t — > oo. Otherwise said, for such functions h, 



In ( m{t)-^F I (^^1^) X(t)/i/l"l > h{t) 



Mt) 



Note that for alH > and all c > 0, since X is independent of / 

l/|a| 



m [m(.)-P ((^) Xit) > (c0(Mt)l"l))^^'"'jj +ln (P (/VH > (c0(Mt)l"l)) ^^'"') 

< In U)-F X(0/VH>Mt))^ 
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Suppose moreover that h{t) ^ oo as t ^ oo and that /? < 1, which imphes that oo. By 

Lemma we have, for aU real c > 0, 



hi 



using both the regular variation of cp and the fact that (p is the inverse of t t/(j){t) near oo. Now let e e]0, 1[ 
and c be such that c^/(i-/5) > (1 - /3)|a|''/(i-''). We have proved that 

for t large enough. Next, let gh,cit) = (c(/)(/i(i)'"l))^^'"' ,i > 0, and suppose /3 > (hence the existence of 
the inverse of (p near oo). We have for t large enough 



It is not hard to check that the maximum of 



is equal to l3/\a\ and is reached at c = \a\^ ■ Finally, if = gh.\a\f, letting e ^ 0, we have proved that 

1 .J...,.,-i„ffv(Mt>\""',^,^^,M^ 11 



To conclude, to get the second part of the statement of Proposition 11.41 (ii), suppose < /3 < 1 and 
consider some positive function g that converges to co at oo, such that g{t)^°'h/ if{t) —> 0. Set h{t) = 
> 0. Then, h{t) converges to oo as t ^ oo and it is easily seen that /i(t) I"' ^ 
as i — > oo. Since g = gn with the notations above, the result follows from ([40]) . 

5 Some properties of the limit measure /ioo 

Recall that the distribution xijLoo{Ax) on ]0, oo[ is that of i?^/'"', where R denotes a random variable with 
entire positive moments 

V.[R^] = (t>{\a\)....(t>{n\a\), n > 1, (41) 

that characterize its distribution. Using this particular moments' shape, wet get the following description of 
the measure ^oo near and oo. Some of these properties are then used at the end of this section to prove 
Proposition 11.51 



Proposition 5.1. (Behavior at oo) 

(i) Suppose 0j for some /3 e]0, 1[. Then, 



In (^^ x^l^{dx)^ = - In (¥{R > t'"!)) - J^^'^t^' 



where (f) ^ denotes the inverse of (j) (and is therefore a function regularly varying at oo with index 

(ii) Suppose 4'{oo) := xB{dx) < oo. Then fXao has a compact support with supremum (/)(oo)"'^/l"l and 

^ B{dx) 

- < oo. 



/ioo({0(oo)l/l"l}) >0^ / - 
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Proposition 5.2. (Behavior at 0) Suppose that Jq^'^^ xB{dx) varies regularly at oo with index —7,7 S 
[0, 1]. Then, as s — > 



/oo 



1 



a;^oo(dx) = F{R < sl"l) = o 



(|a|7r(l + 7)0(-l/lii(sl«l))) 



0(-l/ln(sl"l)) 



Proof. This is a direct consequence of Corollary 1 of Caballcro-Rivcro , which gives these results in terms 
of the random variable R. □ 

Proof of Proposition 15. ll (i) Our proof strongly relics on the proof of Proposition 2 of Rivero Rivero 
shows there that if a positive random variable Y has entire moments satisfying 



i=l 

for some function "0 regularly varying at 00 with index 7 g]0, 1[, then 

-ln(P(y >i))^7V;-(t), 

where ip^ is the right-inverse of tp. Apply then this result to the r.v. i?, by taking = (pi{\a\ ) and 7 = /3. 
(ii) Using ([1T|) and that is increasing, we get for all n > 0, 



E 



R 



0(00) 



< 1. 



(42) 



Besides, writing 



E 



R 



= E 



R 



(j}{oo) 



^{R><p{oc)} 



■E 



R 



(j}{oo) 



^{R<<p{oc)} 



'{R = (/)(oo)) 



and using the monotone and dominated convergence theorems, we sec that 

R 



E 



0(00) 



00 if P(i? > 0(cx))) > 

P{R = (^(00)) otherwise. 



In particular, from ([42|) . we see that F{R > 0(cxd)) = 0. Similarly, it is easy to show, using ((4T|) . that for all 

< e < 4>{oo), 



E 



00, 



(00) -e, 

which implies that P{R > 0(oo) — e) > 0. Last, to get the remaining part of the statement, note that 

Xn|a|)' 



In 



(j>{oo) 



Therefore 



In E 



0(00) 
R 



00 



) <l){00) Jq 

n 

-El- 



*l+iB(da 



0(00) 



converges to — cxj as n 00 if and only if 

„l oc 



/ ^x'l"l+iB(dx)= / --i?(d:r) = 00. 



Since xi3(dx) < 00, 



E 



R 

(j>{oo) 



i.i.f / B{dx) = 00, 

1^00 J 1 — X 
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which ends the proof. □ 
Proof of Proposition [T75l From the construction jT]) of /it, we see that 

^,t{{l}) - /^o({i})p iapit)) = 0) = A*o({i})p m = 0) , 

and from the Poisson point process construction of a pure-jump subordinator with Levy measure 11 we have 
that F(^(i) = 0) = exp(— tn(]0, cx)[)) = exp {—t(j){oo)) . Next, we get from the factorization (fT5|) . that 

exp {-t(f>{oo)) =P{RI > i0(oo)) > P(/ > t)P(i? > (f>{oo)). 

On the one hand, from the proof of Proposition 15.11 we see that when 0(oo) < oo, P(i? > (l>{oo)) = P(i? = 
(j){oo)) and that this quantity is non-zero i. f.f. / (1 - x)-lB(d.T) < OO. On the other hand, under jHI, we 
get from the regular variation of - ln(P(/ > t)) that P(/ > x"t)/P(/ > t) ^ for aU < x < 1, as t oo; 
and then, from the dominated convergence theorem that 

m{t) P(J > x^'t) , , , 

— -x^oyax) /io({l}) as t ^ oo. 



P(/ > t) Jo P(/ > t) 
Otherwise said, we have proved that under the hypothesis pT|) . when yUo({l}) > and (j){oo) < oo, 

liminf ^^^TT^ > = '/'M) = '^M'/'"'Aioo({0(oo)i/l"l}). 
t^oo m{t) 

Next, suppose ([H|, that | ln(a;)|a;i?(da;) < oo and that 0(oo) < oo. According to Theorem 11.31 for all 
e g]0, 1[ such that (1 — e)(/)(oo)-'^/l"l is not an atom of fiao, 



m{t) m{t) t^oo 7(i_^)^(oo)i/ 

Letting e — > 0, we get 

limsup^^^ < </)(oo)1/I"Imoo({0(oo)1/I«I}). 



t^tx) m{t) 

□ 



6 Examples 

Below is a list of standard examples where the main quantities involved in our results can be computed 
explicitly. More precisely, for each of these examples, we specify the distributions of / (defined in (fT3|) ) and 
R (defined in p^ ). which lead to explicit expressions of the limit measure /ioo (since i?^/'"' ~ xpL{dx)) and 
of the mass 

mi{t) = P(/ > t), t> 0, 

which is the mass of the solution to the fragmentation equation starting from ^ 5i. We also specify the 
behavior as t ^ oo of the quantity (y9(|a|t)/|a|t, involved in the statement of Theorem 11.31 For all these 
examples, we give the main tools to get the distributions of / and R, but we leave the calculation details 
to the reader. We recall that (3 denotes the index of regular variation of hypothesis (|H| and that when 
(A'tj i > 0) is a solution to the equation with parameters (a, B), {^ct, i > 0) is a solution to the equation with 
parameters (a, cB). For this reason, in the examples below, given a measure B we choose its "representative" 
among the measures cB, c > 0, which is the most convenient for the statement of the results. 

The first four examples concerns absolutely continuous measures B{Au) = b{u)du, where 6 is a function 
defined on ]0, 1[. The Levy measure is therefore also absolutely continuous and we denote by tt its density. 
It turns out that the limit distribution /ioo is also absolutely continuous. We denote by Uqo its density. 

Ex.1. b(u) = bu''-'^, 6 > 0; a < 0. 

• p = o 
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• ip(t) ^ t as t —^ oo 
. /^r(6/|«| + l,l) 

• = rWRTT) ir 2^'/'"' exp(-x)da;, t > 

• R^P{l,b/\a\) 

• u^(a;) = (l _ a;l"l)^~\ < a; < 1 

The notations r(a;, y) (resp. (3{x, y)) refer to the classical Gamma distribution with parameters x, y > (resp. 
Beta distribution). In these examples, the density of the Levy measure associated to B is 7r(x) = &exp(— 6a;), 
a; > 0, hence the Levy measure associated to the subordinator \a\S^ (where ^ has Levy measure H) has a 
density given by 6exp(— &a;/|a|)/|a|, x > 0. According to the Example B, p. 5 of [5], the density of / is 
then proportional to a:''/'"' exp(— a:),a: > 0. Last we refer to the formula (4), Section 3 of [S], to get the 
distribution of R. 

We point out that the solutions to the fragmentation equation with this measure B are studied in [22j . 
In particular, when a ~ —6/2 and /.io = Si the solutions (/it, t > 0) has the explicit expression 



fitidx) = cxp(-i) (^6i{dx) + bx'-' (^t - ^t'{l - x-"-/'))^ l{o<.<i} 

which gives 

TOi(t) = exp(-t) (^1 + * + y 
and for all bounded test functions / :]0, oo[-^ M. 

[ f{x)xMdx)^^ f f{x)bx''-\x-'/^ -l)dx, 
mi{t) Jo *^o° Jo 

which is consistent with the above expressions of mi and Ujxj- 

Ex.2. b{u) ^ |a|r(l - 7)-1m^~^(1 - u^)-^-^; < 7 < 1; a < 0. 
• /3 = 7 

^(t) ~ (1^) ' as t ^ cx) 



dx 



• mi{t) = g^{x)dx, t > 0. 



• i?^e(l)^ 



• Moo(a;) = |a|7 ^x 1 ^ exp (— a;'"'/'''), a; > 

Here, e(l) denotes a r.v. with exponential distribution with parameter 1 and a 7-stable random variable, 
i.e. with Laplace transform t G [0,cx)[— > exp(— P). Hence t~'* has the so-called Mittag-LefSer distribution. 
We recall that it possesses a density given by 



ff7 



1 (-xY^'^ 
(x) = — 22 — \ ^("^^ + ^) sin(7r7i), a; > 



7r7 ^ — ' I 



and its entire positive moments are equal to n!/r(7n + 1), Vn > 1 (see e.g. [551 Section 0.3]). The Levy 
measure associated to B has a density given for a; > by 

|a|cxp(-|Q;|a;/7) 

tt{x) — 



r(l - 7)(1 - exp(-|a|a:/7))'y+i ' 
Using formula (5) and the following discussion in [H], we get that / ~ t''^ and R ~ e(l)'' 

Ex.3. b{u) = \a\-/^ ((1 - 7)r(2 - 7))^^ uT^"^(1 - ul"l/(i-7))-7-i; < 7 < 1; a < 0. 
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• (3 = 1 

• ip{t) ~ (1 — j)~^\a\^^t^^ as i ^ oo 

• /^e(l)i-^ 

• mi(i) = cxp(-ti/(i^">')), t>0 

• Moo(a;) = |a|a;l"l~2g^_^(2;l"l), x > 0, 

where (71-7 is the Mittag-LefHer density given in the previous example. Note the duahty with this previous 
example. In the present example, 



7t{x) 



|a|7^ exp(|a|x/ (1 — 7)) 



, a; > 0, 



(1 - 7)r(2 - 7)(exp(|a|x/(l - 7)) - 1)'+'' ' 
and we again refer to the formula (5) and the following discussion in [5] to get the distributions of / and R. 

Ex.4. b{u) = |a|r(2 + a)-^u\"\-'^{l - u)°'-^; -1 < a < 0. 



• P=\a\ 



t 

l + Q 



as t ^ 00 



• 1/(1 + a) is a size-biased version of the Mittag-LefHer distribution with parameter |a|, i.e. for all test 
functions / 



• mi(i) r(|a| + 1) J^°l'f^^^^-^xgia\{x)dx, t > 
. ((l + a)i?)^/l"l^r(|a|,l) 

• Moo(^) = Iy^^I"!-' exp(-(l + X > 
Indeed, here 

tt{x 



E 






— a 


E 







a\ exp(a;) 



a; > 0. 



r(2-ha)(exp(a;) - 

Following the end of the proof of Lemma 4 of Miermont [24] , we get that / has its moment of order k equal 

kl{l + a)''T{\a\) 



to 



r((fc-fl)|a|) ' 



for all fc £ N. Hence 

fc! _ r((fc + i)|«|) 



E[/fc] (l + a)'=r(|a|) (1 + a)fcr(|a|) 7o 



X' 



„(fe + l)|Q|-l 



exp(— a;)da;. 



Remark. Note that the Examples 2, 3 and 4 give, for all < 7 < 1, 

- if b{u) ~ u^^(l — u)^'^^^ and a = —7, 

x^j,oo{dx) ~ ci(7)e(l) 



if b{u) = uT-2(l - and a = 7 - 1, 



x^ioo{dx) ~ C2(7)r]^_\ 
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- if b{u) = ^(1 — It) ^ and a = —7, 

x^J.oaidx) ~ C3(7)r(7, 1) 

where 01(7), 02(7) and 03(7) arc reals that depend on 7. Hence, both a and the behavior of b near play a 
significant role on the shape of the limit measure /ioo- 

Last we turn to the case where _B is a Dirac measure. 

Ex.5. B = a^^Sa for some a g]0, 1[; a < 0. 

• p = o 

• ip{t) ~ t as t — > 00 

• / has a density k on ]0, oo[ given by 

k{x) = exp {a ln(a)i — x exp(a In(a)i)) (1 — exp(Q! ln(a)(i — p))) ^ 

• mi{t) = fc(x)da;, t > 

In this case, 11 = (5_ in(a)7 i-C- the associated subordinator is a Poisson process. We then refer to [H Prop. 6.5 
(ii)] for the expression of the density fc. Note that = (1 — a') for all i > 0, hence E[i?"] = JlILiC-'^^d'-'^l'^)') 
for all n > 1. 



7 Appendix: Existence and uniqueness of solutions 

This appendix is devoted to the proof of Theorem 11.31 on existence and uniqueness of solutions to the 
fragmentation equation So in this section, a G R. The proof follows the main lines of that of Theorem 1 
in |17j , which states existence and uniqueness of solutions to a slightly restricted form of the fragmentation 
equation (l2|), and which was concentrated on solutions starting from = Si. We note that it was implicit 
in the statement of this theorem that a solution should satisfy assumptions Q and ([5|) . 

Let ^ denotes a subordinator with Levy measure H and zero drift, such that ^0 = 0. We recall that 
its semigroup possesses the Feller property and that the domain of its infinitesimal generator contains at 
least all functions / that are continuously differentiable on M and such that / and /' tend to at infinity. 
See e.g. Chapter 1 of As a consequence, the domain of the infinitesimal generator of exp(— ^) contains 
continuously differentiable functions / on ]0, oo[ with compact support. 

One can easily checked that when / :]0, oo[^- M is bounded and continuous, the function 

X -^E [/(a;exp(-$p(^<.t)))] 

is also bounded and continuous on ]0,oo[. This mainly relies on the cadlag and quasi- left-continuity ([51 
Prop. 7, Chapter 1]) of subordinators. 

Now, for every < a < 6, let Ca,b be the set of continuous functions / :]0, 6] — > R that are null on ]0, a], 
and J, be the set of continuously differentiable functions / :]0, 6] — > R that are null on ]0,a]. It is clear 
from the remark above that for all < a < 6. the linear operators Tt and Tt, t >0, defined by 

r,(/)(x)-E[/(a;exp(-6))] 

and 

ft{f)ix)^E[f{xcM~U.-t)))] 

send Ca,b hito Ca.b- Following the proof of Theorem 1 of [T7] (see also [20]), we see that both family of oper- 
ators define strongly continuous contraction semigroups on Ca.b, and that the domains of their infinitesimal 
generators are identical and contain ^. These generators are respectively given, for f G Cl^^^ and x g]0, 6], 

by 

poo 

A{.f){^)^ / {f{xexp{-y))-f{x))n{dy) 
Jo 
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and 

A{f){x)=x'^A{f){x). 
Note that when i? is a measure on ]0, 1[ defined from 11 by ([6]), we have 

A{f){x) = ifixy) - f{x))yB{dy). 



Existence of solutions to ([2|) . 

Prop. 15, p. 9 of [E]), we have that 



With the above remarks, and Kohiiogorov's backward equation (see 



f,{f){x) = fix) 



f,(i(/))(x)ds, 



(43) 



Vx g]0, 6], V/ G Cl f^, VO < a < 6, Vfe > 0. Otherwise said: let / :]0, oo[^ M be nuU near and continuously 
diflerentiable. Then, considering its restriction to ]0, b] and a; < 6, we have that / and x satisfy 
Now, consider vq, a probability measure on ]0, cxd[, and set 

< '^t,g >:=< i^o,ft{g) > 

for all bounded, measurable functions g on ]0, c»[. Note that for all t > 0, t't(]0, oo[) < 1 and vt{x > M) = 
as soon as Vq{x > M) — for some M > 0. Then let / be some continuously diflerentiable function on 
]0, oo[ with compact support. It is clear that A{f) is null near and it is easy to see, using Fubini's theorem, 
that there exists some constants &, c > such that \A{f)\{x) < cx"Il{\n{x/b)) for large enough x (here 
Il{y) = n(dx)). In particular, A{f) is bounded on ]0, cx)[ when a;"n(ln(a;)) is bounded near oo (hence 
when a < 0). It is then clear that in such case we can apply Fubini's theorem when integrating (|43p with 
respect to to get 

< i^tj >=< i^qJ > + < iys,A{f) >ds. 
Jo 

This holds for all continuously differentiable functions / on ]0, oo[ with compact support. Therefore, defining 
the measures ^it on ]0, oo[ by < ^t, g >:=< iyt,g >, where g denotes any test-function on ]0, oo[ and g{x) = 
g{x)/x, x > 0, we have proved that (/it,t > 0) is a solution to the fragmentation equation, as defined 
in the Introduction. To sum up: provided that the function x — > x"n(ln(a;)) is bounded near oo, for all 
measure fiQ on ]0, oo[ such that /g xfioi'^x) = 1, there exists a solution constructed via subordinators to the 
fragmentation equation. 

When a > 0, the function x — > a;"n(ln(a;)) may not be bounded near oo. Another way to tackle the 
problem in this case is to use the definition of p to get that 



T,(|A(/)|(.T)dsz.o(dx) = 
Jo 



E 



p(a:°t) 



\A{f)\{xexp{~^u))du 



voidx), 



the function / being still supposed continuously differentiable on ]0, oo[ with compact support. For such /, 
the function A{f) is bounded on ]0, oo[. Hence the double integral involved in the identity above is bounded 
by a constant times E [p(x"t)] ;/o(dx), which is finite as soon as J hi(x)i'o{dx) < oo: indeed, according 
to Proposition 2 of [B], for all x > 0, E[/9(x)] = jj^^ E[cxp(— .si?)]d.s, where i? is a random variable with 
distribution fiji defined by (|14p . Let then / be a random variable defined by (jl3p . independent of R, and 
consider a real a such that P(/ < a) > 0. Using the factorization property ^TE\\ . we get 



E[p(x)]P(/ < a) = [ E[cxp(-si?)l{/<a}]ds < [ E[exp(-sa"^e(l))]ds = a ln(l 
Jo JO 



It this then possible to apply Fubini's theorem when integrating (|43|) with respect to vq and we conclude as 
above to the existence of a solution to 

Uniqueness of solutions to ([2]). Let be a probability measure with support included in ]0, 6] for some 
b > and suppose that {i/t, t > 0) is a family of measures with support included in ]0, b] such that 



< i^t,/ >=< t^o,/ > 



,i(/)>ds, V/eUo<a<hCi 
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Suppose moreover that i't(]0, oo[) < 1, Vt > 0. Our goal is to prove that (t't,* > 0) is uniquely determined. 
Using that the total weight of vt is less or equal to 1, we get that supog < i^t, |/| >< oo and supog < 
ut, \A{f)\ >< oo for each / e y-^o<a<bC\ It is then possible to follow Fhe proof of Proposition 18, Sect. 
4.9 of [H] to deduce that imiqueness holds provided that, for all A > 0, (Aid — A{f)){C\ ^) is dense (for the 
uniform norm) in Ca,b, for all < a < 6. Following the proof of Theorem 1 in |17| . we see that C^J is a core 
for the strongly contraction semi-group Tt : Ca.t ^ Ca.6, t > 0. Hence the result. 
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